O paii,HOHajibHbix npH6jiH:>KeHH5ix ajireSpannecKHx 

HHCejI BblCLQHX nOpS^KOB H HeKOTOpOH 

napaMeTpH3aij,HH o6o6iii,eHHbix ypaBHeHHH HejiJiH. 



SaTOpCKHH P. A. 

IIpefljiojKCH HOBbifl ajirc6paH'3ecKHfl: oGteKT - peKyppeHTHbie ppo6vL, hbjihiolli,hhch n-MepHBiM 0606- 
. meHHBM HenpepbiBHbix flpoGeii, c noMombio KOToporo nocTpoen ajiropHTM pan,HOHajiBHBix npH6jiH}Ke- 

04 ' HHH ajire6paHT^ecKHx Hppan,HOHajibHOCTeH. fljia o6o6ineHHbix ypaBHCHHit Hejijia: nocTpoena HCKOTopaa 

^ . napaMeTpH3aii,Ha:. 

^ ■ 

A new algebraic object is introduced - recurrent fractions, which is an n-dimensional generalization 
0^ ' of continued fractions. It is used to describe an algorithm for rational approximations of algebraic 

OA I irrational numbers. Some parametrization for generalized Pell's equations is constructed. 

H 

^ 1 BcTynjiGHHe 

» \ 

^ ■ 1. PaUjUOHaAbHue npu6AuafceHUH aAzeBpauuecKux uppav^uoHaAtHocmeu. Cym,ecTByeT ffsa. Bnp^a. ajiro- 

pHTMOB CBasaHHbix c ajireGpaHHCCKHMH HppaD;HOHajibHOCTHMH Bbicmnx nopHflKOB. K nepBOMy BH^y ot- 
HOCsTca ajiropuTMbi nocTpoeuHa no saflauHbiM ajireGpaH^iecKHM Hppau,HOHajibHOCTHM n-Mepubix 0606- 
meHuft HenpepbiBHbix flpo6eH, a ko BTopoMy - ajiropHTMbi BbinncjieHna pau;HOHajibHbix npiiGjiHJKeHHfi k 
^ . 3a/i;aHHbiM n-McpubiM o6o6in,eHiiHM HenpepbiBHbix /i,po6eii. 06ohm ajiropHTMaM nocBameno mhojkcctbo 

04 ' pa6oT Bbi^aiomHxca anajiHTHKOB HanHHaa c Biijiepa. 

B OCHOBHOM, Bce ycHjiHH auajiHTHKOB 6bijiH CKOHii,eHTpHpoBaHbi B HanpaBjiCHHH o6o6iii;eHHa Henpe- 
pbiBHbix flpo6eii H o6o6iu,eHHH TCopcMbi JlarpaujKa o paii,HOHajibHbix npnGjiHJKeHHax KBa/ipaTHnecKHx 
Hppaii;HOHajibHOCTeH yKopoHCHUbiMH nepHO^HHCCKHMH ii,eHHbiMH ^po6hmh. IIpH 3TOM caMbiMH scjjcJseK- 

THBHblMH HOflXOflaMH OKaSajIHCb MaTpHHHblH, HpKHMH HpeflCTaBHTCJIilMH KOTOpOrO HBJiaiOTCH 3HJiep[T], 

nyaHKape[2j, 5Iko6h|3], neppoH[3], BpyH[S], BepHmTeHH|6j, IlycTbijibHHKOBl^. MaTpHHUbie ajiropHT- 
Mbi, B oSmcM cjiy^ae, Moryi SbiTb onncanbi pexyppeHTHbiM paBcncTBOM 



in 

cn 
o 



Pfc+1 ^ Ak-Pk, 

, rpfi Pk - n-McpHbiii BCKTop, Ak - KBaflpaTuaH MaTpHii,a c ii;ejibiMH sjieMeHTaMH, ncKOTopbiM oSpasoM, 

saBHCHmaa ot BCKTopa Pk, npn^^eM detA^: = ±1. Omi npocTbi, no ne Bcer^a o6jiaflaiOT anajioroM 
CBoiicTBa nepiiofliiTiHOCTH ii,enHbix flpoGeii ^jih KBa^paTHHCCKHx uppai^HonajibHOCTeii. 

BTopoH noffxop, 6a3HpyeTCH na reoMCTpHH jiiinenHbix oflHopo;i,Hbix 4)opM h ii;ejiOHHCjieHHbix pe- 
meTOK, npeflCTaBHTejiHMH KOToporo HBjiHiOTca: ^HpHxjie[8j, Epmht[9J, KjieftH[TU]. Mhhkobckhh[1T], 
Bopohoh|12]. CKv6eHKo|13|. ApH0Jibii|14). Bdioho|T5]. 3th ajiropHTMbi ^aiOT xopoinne HpH6jiH>KeHHH, 
HO njioxo nporpaMMHpyiOTCa h o6o6ni;aiOTCH na Bbicmne nopaflKH. 

PaccMOTpHM OTflejibHO flBa ajiropHTMa HMdomne HenocpeflCTBCHHoe OTHoniCHHe k nacTOHmeii pa- 
6oTe. 3to ajiropHTMbi <I>iopcTeHav|19j h nyaHKape|20). 

AjiropHTM OiopcTcnay 6biji HpefljiojKCH b 1876 rofly h jih6o 6biji HesaMCHen jih6o 3a6biT. B hcm, 
HO aaflauHbiM flefiCTBHTejibUbiM HucjiaM p n q, ctpohtch nocjicflOBaTejibHOCTb paBcncTB 

,91 ,92 ,93 

p = ao H , pi = ai-\ , _P2 = 02 H , ■ ■ ■ , 

Pi P2 P3 

q = bo-\ , (71 = 61 H , 92 = 02 H , 

Pi P2 P3 

^ajiee, npn noMomn nocjieflOBaTejibUbix noflCTauoBOK, ctpohtch BbipajKCHHS ^jih p 11 q : 

61 H 



03+ 



SIT 
^IT 



62- 



ai 



'4 + 



3T , 



(1) 



KOTopbie OiopcTenay nasbiBaeT HenpepbiBHbiMH flpo6aMH 2-ro Kjiacca. B cjiynae Ci — 0, i — 1,2,5, ... , 

OHH BbipojKflaiOTca B HenpepbiBHbie ffpoGn. 

CyTb ajiropHTMa HyaHKape, npefljioJKeHHoro hm b 1885 rofly, BBipajKena cjieflyEameH TCopeMoit: 
Ilycmb nocAedoeameAbHocrrib {/nj^o fieJifiemcsi pemenueM paaHocmnozo ypaeneHUM 

fn+k + an,l/n+fe-l + • • • + anM.fn = 0, n = 0, 1, 2, . . . 

c npedcAbHO nocmojiHHUMU KosijixfiuVjUeHmaMU, Kopnu xapaKmepucmunecKozo MHOzouAena Komopozo 
pasAUHHU no ModyAW. Tozda au6o fn ~ npu ecex n ^ no, au6o cyuu,ecmeyem npedcA lim ^^j^, u 

n— >oo 

3mom npedcA paeen odnoMy U3 Kopneu xapaKmepucmuuecKozo MHOzouAena. 

B pa6oTe, fljia nocTpoenHH paLi,HOHajibHbix npH6jiH}KeHHH ajireGpaHnecKHx HppaLi,HOHajibHOCTeH, 
HcnojibsOBaHbi H^en ajiropHTMOB OmpcTeHay h HyaHKape. TaK kek H3o6pa>KeHHH (IT]),([2]), kotopbimh 
nojibsOBajiCH fljiH CBoero o6o6meHHH OmpcTeHay, ne yflo6Hbi b pa6oTe, to mbi fljia hx H3o6pa}KeHHH 
npHBjiCKaeM annapax napanepManenTOB TpeyrojibHbix MaxpHu, [22J . IIpH stom nojiyHaeMbie H3o6pajKe- 

HHH He TOJIBKO 6jIH3KHe K H3o6pa}KeHHaM HenpepBIBHblX flpo6eii, ho H H03BOJiaiOT eCTeCTBeHHO BBeCTH 

HOHHTHs HopaflKa flpo6H H HepHOflHHecKOH ;i,po6h, a TaKsce c noMoni,bio napanepManeHTOB TpeyrojibHbix 
MaTpHH,, CBOiicTBa KOTopbix xoponio H3yHeHbi, H0Ka3aTb, HTO nepHOflmecKHe flpo6H BbicniHx nopaflKOB 
aBjiaiOTca H3o6pajKeHHaMH ajire6paHHecKHx Hppau^HOHajibHOCTeH Bbicmnx nopaflKOB. 

L[eHTpajibHbiMH TeopcMaMH B SToii nacTH pa6oTbi aBjiaiOTca TeopcMbi 13 . 1 1 h l3T2l 3th TeopeMbi ycTa- 
HaBjiHBaiOT CBa3b MCJKfly MaKCHMajibHbiMH no MOflyjiio /leiicTBHTejibHbiMH KopnaMH ajire6paHHecKHx 
ypaBHeHHH n-vo nopa^Ka h peKyppcHTHbiMH /i,po6aMH n-vo Hopa;i,Ka. TeopcMa 15.11 o CBa3H neKOTopbix 
ajire6paHHecKHx (J)opM n-ro HopaflKa c ajire6paHHecKHMH ypaBHCHHaMH n-ro nopa^Ka, B3aTaa BMe- 
CTe c npeflbiflymiiMH flsyMa TeopeMaMH, b 3HaTiHTejibH0H CTencHH peniaeT Bonpoc o pan,HOHajibHbix 
HpnGjiHSKCHHax ajire6paHHecKHx HppaiiHOHajibHOCTeii. 

2. KoAbi^a VjCAUx aAze6pauHecKux hucca noAeu Q({/m). 

Bo BTopoii ^acTH pa6oTbi H3yHaiOTca ii,ejibie ajire6paHHecKHe HHCjia BH^a 

So + Si -i/m + 32 ^/m? + . . . + s„_i a/ m"~i 

H, B HacTHOCTH, eflHHHii;bi HHCjiOBbix Hojieii (Q)( ^/to). Otmcthm, hto HHCjiOBbie nojia Q( ^/m) npn n = 2, 3 
HCCJieflOBajiHCb eme b pa6oTax BopoHoro[16j. ^ejione ii <I>afleeBa[17J. 

OnHcaHHe CTpyKTypbi MHOJKCCTBa (JjyH^aMeHTajibHbix e^nHHii, b KOjibije ii,ejibix ^iHceji flacT Teope- 
Ma ^HpHxjie 113 KOTopoH cjieflycT, HTO no 3naHeHHK) K034)4)Hii,HeHT0B MHHHMajibHoro MHoroijiena npn 
HOMomH KOHCHHoro HHCjia HcnbiTaHHii MOJKHO HaHTH MHOJKecTBO (jjyHflaMeHTajibHbix eflHHHii,. Bopo- 
Hoii nocTpoHji ajiropnTM OTbiCKanna MHOJKecTBa 4)yH;i;aMeHTajibHbix e;i,HHHn; Ky6HHecKHx nojieii, ho oh 
cjiojKHbiii no HHCjiy onepaii;HH n njioxo o6o6iii;aeTca na BbicniHC nopa;i,KH [18J. 

H3BecTHo[6j, HTO Haxo}K/],eHHe n^ejibix eflHHHu, nojia Q( ^/ro) CBa3aH0 c pemenHeM ^nocjaanTOBa 
ypaBnenna BH^a 



So 


mSn-1 


mSn-2 ■ 


• mS2 


msi 


Si 


So 


mSn-1 ■ 


■ ms3 


ms2 


S2 


Si 


So 




ms3 


n-2 


Sn-3 


Sn— 4 


So 




n~l 


S„-2 


S„-3 


Si 


sq 



= ±1. 



OcHOBHbiM pesyjibTaTOM BTopoii ^acTH pa6oTbi aBjiaeTca ncKOTopaa HapaMeTpH3an,Ha 3thx ypaB- 
HeHHH npn 

71 = 3,5,7,9,11. 

ripn 3T0M BOSHHKaeT ^iHCjiOBOH TpeyrojibHHK (cm. HpHMcnaHHe 5.1.). ^ajibHeiimee H3yHeHHe SToro 
HHCJiOBoro TpeyrojibHHKa mojkct npojiiiTb cbct na o6in,ee pemenHe npHBCflennoro Bbinie flHo4)aHTOBa 
ypaBnenna. 

Abtop 6jiaro/],apeH Mannny lO.H 3a KOHcyjibTan;HH npn HanncanHH STOii pa6oTbi. 



2 Hpe^BapHTejibHbie CBe^eHna 



HpHBe^eM HeKOTopbie cBe^eHHa o napa^exepMHHaHTax h napanepManeHxax xpeyrojit.- 
Hbix MaxpHn;, Koxoptie noHa^oGaxca naM b flajiBHeiimeM. 
Hycxb K — HCKoxopoe nojie. 

Onpe^ejieHHe 2.1. TpeysoAhHyto ma6jiuu,y 



A 



( an 



(3) 



aACMeHmoe uoah K nasoeeM mpeysoA'bHou Mampuv^eu. 

Onpe^ejieHHe 2.2. KaotcdoMy aAeMenmy aij mpeysoAtHou Mampuv,u ^ nocmaeuM 
6 coomeemcmeue mpeysoAbHym Mampuv^y c smuM aAeMenmoM e AeeoM humchcm ys- 
Ay, Komopym nasoeeM ysAOM sadauHou mpeysoAbHoil juampuyu u o6o3HaHUM nepes 
R,,iA). 

OneBH^Ho, Hxo yroji Rij{A) HBjiHexca xpeyrojibHofl MaxpHii,eH (i— j + l)-ro nopa^Ka. 
B yroji Rij{A) bxo^hx xojibko xe sjieMenxbi a^s xpeyrojibHofl MaxpHij,L.i (jS]), nnjieKChi 
Koxopbix y;];oBjiexBop5iiox cooxHomeHHio j ^ s ^ r ^ i. 

Hnace mbi Gyflfiu cnnxaxb, hto 

ddet (RoiiA)) = ddet {Rn,n+i{A)) = pper{Roi{A)) = pper(i?„,„+i(A)) = 1. 
TaK, B xpeyrojiBHOH MaxpHn,e: 

\ 

0-21 0-22 

A 



fail 

0-21 0-22 

%1 Ct32 Ct33 

O4I 042 0.43 (344 

\051 0-52 O53 '^54 055/ 



yroji i?42(v4) HMeex bh^: 



R^2{A) 



a22 

O32 Cf33 
042 043 a44 



Onpe^ejieHHe 2.3. [22]. Ecau A —mpeysoAbHasi Mampuya mo ee napademepMU- 
HanmoM u napanepMaHenmoM nasoeeM coomeemcmeeHHO HUCAa: 



r=l pi+...+pr=n s=l 



■Pi- 



pper(A) = ^ n^^: 



■pi + ...+Ps,Pl+---+Ps 



-l+l}' 



r=l p\+...+pr=n s=l 

dde cyMMupoeanue npouseodumc^ no MHOMcecmey namypaAbHux pemenuu ypaenenuH 
Pi + P2 + ■ ■ ■ + Pr = n. 



Onpe^ejieHHe 2.4. IIpfiMoysoAbHym ma6Auv^y SAeMtHmoe mpeysoAtHou Mampuv^u ^ 
HasoeeM enucauHou e amy Mampuyy, ecAU odna ee eepmuna coenadaem c aAeMenmoM 
a„i, a npomueonoAOOiCHafi k neu — c aAeMenmoM an, i G {1, . . . ,n} . 9my ma6Auii,y 
o6o3HaHUM Hepes T{i). 

EcjiH B onpejiejieHHH [2^ i = 1, hjih i = n, to BnncaHHaH npHMoyrojibHaa Ta6jiHn;a 
Bbipoacflaexca cooTBeTCTBeHHO b nepBtiii CTOji6en; hjih b n-xyio cxpoHKy STofi xpeyrojib- 
HOH MaTpHii;bi. 

HpH HaxojKfleHHH sHaHeHHH napafleTepMHHaHTa h napanepManeHxa TpeyrojitHtix 
MaxpHii; yfloGno nojibsoBaxbCii aA2e6pauHecKUMU donoAHenusiMU. 

Onpe^ejieHHe 2.5. AAse6pauHecKUMU donoAHeuuMMU Dij,Pij k (jjaKmopuaAbuo- 
My npouseedenuH) {aij} KAWueeoio aAeMenma aij juampuyu ^ nasoeeM coomeem- 
cmeeHHO HUCAa 

Dij = {-iy+' ■ ddet ■ ddet iRn,i+i), 

Pij = pper{Rj^i^i) ■ pper{Rn,i+i), 
ede Rj-i,i u Rn,i+i — ysAu mpeyzoAtHou juampuyu 

TeopeMa 2.1. j22]- (PasjiojKeHHe napa(|)yHKii;HH no sjieMenxaM BnncaHHOH npsMoyrojib- 
HOH xa6jiHn;e). Uycm'b A — mpeysoAhna^i Mampuya a T{i) — Henomopafi enucauHafi 
6 nee npsiMoysoAbna^i maBAuya aAeMenmoe. Tosda cnpaeedAueo paeencmeo: 

ddet{A) = j:f:MDr,, (4) 

s=l r=i 
i n 

pper{A) = J2T, {orj Prs, (5) 

s=l r=i 

sde Drs u Prs — coomeemcmeeHHO aAseBpauuecKue donoAHenufi k (^anmopuaAhHOMy 
npouseedenum KAwneeoso aAeMenma ars, Komopuu npuHadAeotcum maBAuye T{i). 

CjieflCTBHe 2.1.1. Ecau i = 1, mo meopeMa \2. 1\ daem pasAOMcenue napa(f)yHKyuu no 
3AeMeHmaM nepeozo cmoA6ya u paeencmea ^ npuMym eud: 

n n 

ddet (A) = J2 M Ai = Yl (-1)'^' M -ddet 

r=l r=l 

n n 

pper{A) = ^ P^i = ^ ■ pper{Rn,r+i)- 

r=l r=l 

EcAu CHce i = n, mo noAyuuM pasAOCHcenue napa^yuKyuu no SAeMenmaM nocAedneu 
cmpoHKu: 

n n 

ddet (A) = J2 M D^s = (-1)"^' M -ddet 

s=l s=l 

n n 

pper{A) = Y {(^ns} Pns = Y ^'^"^J' ■ PPer(i?s-i,i)- 

s=l s=l 

napa^exepMHHaHXbi h napanepManenxbi xpeyrojit.Ht.ix Maxpnii, naxo^ax Bce 6ojit>me 
npHMeHeHHH b xeopan HHceji h KOM6HHaxopHOM anajiHse. Bojiee ocHOBaxejitno c hhmh 

MOJKHO n03HaKOMHXC5I B 1221. 



3 PeKyppeHTHbie ^po6H 



Onpe^ejieHHe 3.1. Ilycmb Ojj, 1 ^ j ^ i < oo- 
HecKue o6'5eKmu euda 



HeKomopue ii,eAue Hucjia. AAsedpau- 



a — 



On 

ai2 

f^n — l,n—l 
dn — 2,n-l 



ai2 



<^n-2,n—l 

Ctn — 3,n — 1 
^n—l,n 







Cn — 2,n 
On-l.n+l 





a2,w 

11,71 

a2,n+l 
04,n+2 



a2,n+l 

ai,n+i 

a3,n+2 



Ql,n+1 

a2,n+2 

a3,n+2 a2,n+2 ai,„+2 



Ol,n+2 



ai2 



an-2,n— 1 

'in — 3,n— 1 
Q'n— l,n 

Cin-2,n 
dn-l.n+l 







"2,n 
ai,n 

0.2,n+l 



0'l,n 

a2,n+l 

11,11+1 
Q3,n+2 



ai,n+l 
"2,71+2 



a3,n+2 a2,n+2 ai,n+2 



Ql,n+2 



On 

a22 

012 

^71 — 1,71— 1 

171-2,71—1 

(ln—l,n 






ai2 



'^n-2,n-l 

0'n — 3,n—l 
f^n — l.n 

fin,n + 1 



ai,n-i 

ai,7i 
as, 71+1 

012,71 + 1 

014,71+2 



02,71+1 

01,71+1 
03,71 + 2 



02,71+2 

03,71+2 02,71+2 Oi,7i+2 



(6) 



ai,n+2 



an 

0.22 
0,12 



03,n+l 



0'l,n+l 



0,2,n + l 
Ct4,n+2 a3,n+2 



0-3,n+2 l2,n+2 



f^n — l,m 



f^n — l,m ^n — 2,m 



Qr 



ai2 

a-23 
a.13 



— ai3 



0-n — 2,n 
^7L,n-\-l 

an-l,n+l 





In — 2,71 

Q^n — 3,n 
an-l,ra+l 

a,n-2,n+l 
0-n,n + 2 

1n-l,n + 2 



a2,n+l 
ni,n+l 

a3,n + 2 
a2,n + 2 



Q2.n + 2 
£tl,n4-2 



fln.m ^n— l,m 

Q-ri — l,m t^n — 2,m 



m—1 



an 

122 
"12 










ai2 



Q-n — l,n 

Q-n — 2,n 
Q'ri,n+1 

an-l,ri+l 







0-3,n + l 

a.2,n + l 
a4,n + 2 

«3,n + 2 







a3,n + 2 
a2,n + 2 



'^■n — 1 ,m 



ai 



(7) 



Q-ri — l,m ff'n — 2,m 

HasoeeM coomeemcmeeHHO peKyppeumHOU dpodbw n—so nopndKa u ee m—mhiM 
pau^uouaA'bHhiM yKOpOHEHUeM. 

Pasjiaraa napanepManeHTL.! hhcjihtcjih h snaMenaTejia paii,HOHajibHoro yKoponeHHa 
(I?!) peKyppeHTHOH ^poGn ([6]) no sjieMenxaM nocjie^^Hefl cxpoHKH, nojiynnM jiHHeHHbie 
peKyppeHTHbie ypaBHeHHH n— ro nop3;i,Ka 



P 

Qm 



m 



m 



r^e 



1, ecjiH « = 0, 
0, ecjiH i < 0, 



1, ecjiH z = 1 — n, 
0, ecjiH 2 — n ^ i ^ 0, 



1,2, 



1,2,..., 



O-nl 



flaiomne scJicJieKTHBHtifl ajiropHTM BbiHHCJieHHa sHaneHHH paii,HOHajibHbix yKoponeHHii 
peKyppeHTHbix ;i,po6eH n— ro nopa;];Ka. 

SnaHeHHe KoneHHofl rpaHHii;t>i m— tl.ix paii,HOHajit.HL.ix yKoponeHKH peKyppeHXHoli 
flpoGn n— ro nopa^Ka, npn m — )■ oo naaoBeM sHaneHHeM cooxBeTCTBeHHoii peKyppeHXHoii 
flpoGn n— ro nopa^Ka. 



TaKHM o6pa30M, pexyppeHTHaH ppoGi, Bxoporo nops^Ka npn an = qi, a2i = Pi HMeex 



92 





Q Q Q Em 

1m. 



H sBjiaeTca khbim HsoGpaaceHHeM HenpeptiBHOH ;i,po6H 



12 

P3 
93 



94 



?3 



?2 + - 



P3 



93 H 



- Vm 
qm+... 



Onpe^ejieHHe 3.2. PeKyppeHmHyw dpoBt n—so nopfidna ^ nasoeeM k—nepuoduuec- 
Kou ecAU ee aAeMenmu ydoeAemeopsiwm ypaeneHUfiM 

(^i,rk+j ^ 1; 2, . . . , Tl, J 1, 2, . . . , /c. 

Onpe^ejieHHe 3.3. /(ee peKyppenmHue dpo6u n—20 nopsidKa nasoeeM paenuMU, ecAU 
m—mue (m = 1, 2, . . .) payuonaAtHue yKopoHenuR smux dpo6eu paenu. 

Onpe^ejieHHe 3.4. PeKyppeHmHyw dpo6b n—so nopfidna ^ nasoeeM o6uKHoeeHHOu 
peKyppenmHou dpoBbm, ecAU eunoAHenu paeeHcmea 

JleMMa 3.1. i) Uycmh Xi,X2, . . . ,Xn — pasAUHHue nopnu aAse6pauHecKoeo ypaenenusi 



X ' 



aix" ^ + a2x"' ^ + . . . + a„, 7^ 0, 



„n-2 



(8) 



npuHeM ModyAh deucmeumeAbHozo KopuH Xi npeeumaem ModyAU ecex dpyzux Kopneu 
amoeo ypaenenusi, mosda cnpaeedAueo paeencmeo 



llTfi 

m^oop^_l(Xi,X2, 



a.^ OLO 

Xl X2 



m = 1,2,...- 



(9) 
(10) 



Pm{Xl,X2, ...,Xn)= ^ 

ai+a2 + ...+an=m 

noAHUU odnopodnuu cuMMempuHecKuu JunosoHAen; 

CnpaeedAueo u oBpamnoe ymeepoicdenue. Ecau Xi,X2, ■ ■ ■ ,Xn — pasAunnue nopnu 
aAze6pauHecK020 ypaenenuH ^ u cnpaeedAueo paeencmeo mo Xi - deucmeumcAb- 
Huu Kopenh nauBoAhuieso ModyAH aAse6pauHecKoeo ypaenenusi 

a) napanepManenm 



ai 

02 

ai 



ai 



O-n-l O'n-2 



ai 

02 



ai 



u odHopodnuu cuMMempuuecKuu mhosohach 

ydoBAemeopsi'tom odnoMy u moMy otce AuneuHOMy peKyppenmHOMy ypaeneHum euda 

m—m 

(12) 

m.e. ux SHaueHUH coenadawm npu ak>6om uamypaAbHOM m. 
JJoKaaameAhcmeo. i) 

npoH3Bo;];3iri;eH 4)yHKn;HeH nojiHoro cHMMexpHHecKoro MHoroHjiena ffTOl) aBjiaexcH 
4)yHKij,Ha nr=i i^x-z ' PcL3Jio>KHM ee Ha npocTefiniHe ppoGn, nojiy^HM 



J. J. 1 . r ^ 



i=l 



HaH/i,eM K03(|)(|)Hij,HeHT X2, . . . , npn b pasjioaceHHH nocjie^Heft (|)yHKii;HH b 

cxeneHHofi pa;],. Oh paBen 



E 



^m+n— 1 



Cjie;];oBaTejibHO 

^m+n — 1 

/ N y^" ^1 

-|. Vmy^li ■ ■ ■ 1 ^n) _ Y ^1=1 (xi-xx)-...-(xi-Xi-^)(xi-Xi+x)-----{xi-Xn) _ 

7 V m+n-2 

™^°oPm-l(a;i,X2, . . . ,X„) m^oov-n 

^1 = 1 {xi-X\)-...-(xi-Xi-{)(Xi-Xi + {)-...-{Xi-Xn) 

\ -L /x^Nm+n-l {x\-X2){x\-xs)-...-{xi-x„) 

,. Z^i = 2\xi) {Xi-Xl)-...-{xi-Xi-'i){Xi-Xi + l)-...-{Xi-Xn) 

= xi ■ lim ^ 7 — ^ — 77 — 7^ — ^ -. 

rrn-oo ]^ _|_ y^" (2±)m+n-2 {xi-X2){x-i-X3)-...ixi-Xn) 

'^i = 2\xi' {xi-Xl)-...-(xi-Xi-l)(xi-Xi + l)-...-{Xi-Xn) 

TaKHM o6pa30M, cnpaBefljiHBocTt n. i) jieMMbi 13.11 cjie^yex h3 nocjie^HHx paBencxB. 

ii) To, HTo napanepManeHT ( !TT|) yflOBjiexBopaex jiHHefiHOMy peKyppeHTHOMy ypaBHe- 
HHK) (fT2l) Henocpe;];cTBeHHo bh;];ho h3 pa3jio>KeHH3 sxoro napanepManeHTa no sjieMenTaM 
nepBoro cTOJi6ii;a hjih nocjie^Hefi cxpoHKH. 

/^OKaaceM, hto nojiHbifl o;];hopo;];hl.ih CHMMexpHHecKHH MHoronjien xaKJKe yj^OBjie- 
TBopaeT sTOMy pexyppeHTHOMy ypaBHennio. npoH3Bo;];3iii;eH cJ^yHKi^Heii sjieMeHxapHbix 
CHMMexpHHecKHx MHoroHjieHOB, nocTpoeHHBix c noMoin;t>K) nepeMeHHBix Xi,X2, ■ ■ ■ ,Xn, 
aBjiHexcH 

oo n 
m=0 i=0 

a npoH3BOfl5iin;eii 4)yHKii;HeH nojiHbix o^HopoflHbix MHoronjienoB, nocxpoenHbix c noMO- 
mbK) Tex ace nepeMeHHtix, KaK OTMenajiocb Bbime, — 4)yHKLi;HH 



P{Z) = ^PrnZ"" = JJ(1 - XiZ) \ po = 1. 



m=0 i=0 

Cjie^oBaxejiBHO, cnpaBe^jiHBO paBencTBO 

a{z)p{~z) = 1. 



TaKHM o6pa30M, cBepxKa Yl^oi~^y'^iPm-i paBHa HyjiK), T.e. cnpaBefljiHBo peKyppeHT- 
Hoe cooTHomeHHe 

Pm = CTlPm-l - 0"2Pm-2 + • • • + (-l)"'"Vm. 

YHHTbiBaH TeopeMy Bnexa ^jih ypaBHeHHH (|H]) nojiyHHM cooTHomeHHH cTj = (— l)*^^aj 
H, cjie;];oBaTejibHO, jiHHeiiHoe peKyppenxHoe ypaBHeHHe 



Pm = aiPm-l + a2Pm-2 + • • • + a„P m—n- 



□ 



TeopeMa 3.1. Uycmb sadano aAzeBpauuecKoe ypaeneHue ^ c nonapno pasAunnuMU 
KopufiMU. EcAU Bar m—so paiL,uoHaAbH020 yKopoHenufi 1—nepuoduHecKou peKyppenm- 
Hou dpo6u n—do nopfidKa 









22. 

ai 






O-n-2 


an-3 


ai 




fln-l 






an-2 


11 





an 
a„-i 


03 
12 





. 


On 



ai 

^ ai 

ai ^ 



a„_i a„_2 



a„_i a„_2 a„_3 



ai 



(13) 



nocmpoeHHOu npu noMoui,u Koacfjcfjuyuenmoe amoso ypaenenusi, cyiu^ecmeyem kohchhuu 
HenyAeeou deucmeumeAhHuu npedcA npu m — t- oo, m.e. 

lim — ^ = X 7^ 0, 

mo manafi peKyppeHmnasi dpoBt n—moso nopRdna fieAfiemcfi u3o6pacHceHueM deucmeu- 
meAbH020 Kopufi aA2e6pauHecK020 ypaenenusi ModyAh Komopozo 6oAbme ecex mo- 
dyAeu dpysux Kopneu amoso ypaenenuH. 



JJoKasameAbcmeo. 1. ^OKaJKCM CHanajia, hto SHaneHHe peKyppeHXHofl flpoGn (1131) hbjih- 
exca KopneM ypaBHennji ([8]). PasjioacHM HHCJiHTejit. m—ro paii;HOHajii>Horo yKoponeHHa 
(fT3|) peKyppeHTHofi ;];po6H n— ro nopa;];Ka no sjieMenxaM nepBoro CTOji6ii;a: 

-Pm = O-lPm-l + fl2-Pm-2 + • • • + anPm-n- 



rioCKOJIBKy Pm-1 = <5m, TO 



P 

J. 



OinPrr 



Qr 



m—1 



, «2 , as 
Ol + -p — - + -p — - 



ai + 



(22 



+ 



Pm-2 

as 



Pm—l 
+ . . . + 



Pm-2 



m — 1 Jrn — 2 
fm-2 Pm-3 



Pm-3 

+ . . . + 



Pm-2 Pm-3 



TaK KaK no ycjioBHio xeopeMM 



P 

hm — 



X ^ 0, 



TO nojiyHHM ypaBHeHHe 



02 03 , 

x = aiH + 



+ 



n-l ■ 



X 



HjiH ypaBHeHHe (|8|). 

2. CorjiacHo Bxopofi nacxH jieMMbi 13.11 HHCjinxejib m-xoro pan;HOHajibHoro yxopone- 
HHJi peKyppenxHOH flpoGn coBna^aex c hojihbim o^^HopoflHbiM cHMMexpHnecKHM mhofo- 
HjieHOM m-xoro Hopa^^Ka c n HepeMennbiMH. Cjie;];oBaxejit.Ho, cnpaBe^jiHBo paBencxBo 



p 

hm — 



lim 



Pm{Xi,X2 



, . . . , Xji 



^^°^Pm-l{Xi,X2, . . . 

rfle, corjiacHo nepBoii nacxH jieMMti x - Kopent. HaHGojibinero MOflyjia. 
CnpaBe^jiHBa h o6paxHaa xeopeMa: 



□ 



TeopeMa 3.2. Ecau aAee6pauHecKoe ypaeneHue 1^, ece Kopnu Komoposo nonapno pas- 
AUHHU, UMeem deucmeumeAbHuu Kopent Xi, ModyAt Komoposo BoAtme ecex ModyAeu 
dpyeux Kopneu amoso ypaeneHUfi, mo odnonepuoduHecKafi peKyppeHmnasi dpo6b 



ai 



02 

ai 








In-l 
an-2 


an-2 
an-3 


. ai 




an 


an-1 


02 


ai 


Ctn-1 


an-2 


ai 





an 


23 


02 


an-1 


0.2 


01 



On 0„^i an-2 



On-l an-2 On-Z 



... Oi 



fieAHemcfi u3o6paMceHueM amozo Kopnsi. 

/^OKasameAhcmeo. SannmeM ajireGpaHnecKoe ypaBHeHHe c HenyjieBbiM cboGoahbim 
HjienoM B BHfle 



X = ai + 



a2 + 



03+ 



a4H [ 



X 



ripH noMomH 6ecKOHeHHL.ix BjiojKeHHH Hocjie^Hee ypaBHeHHe mojkho saHHcaxt b BH^e 
paBencxB 



0,2 



+ 



Q2 + " 



ai 



+ 



(14) 



02 - 



ai 



+ 



a2 + " 



npaBaa CTopona Koxopbix saBHcnx tojibko ot K09(|)(|)Hij,HeHT0B ypaBHeHHS 
([3]). HccjieflyeM BBipajKenne npaBoit nacTH paBencxBa ( !T^ . 

HepBtiM npnGjiHJKeHHeM k sHaneHHio sxoro BbipajKeHHH HBjiHexca ;];po6b, jiexcamaa 
no jieByio CTopony nepBoil BepTHKajibHofi nepTOHKH, x.e. ;i,po6b BH;i,a 



T 



Ml 
Mo' 



,HpyrHM npnGjiH^KCHHeM cjiyjKHx flpo6b, jiexcamaa cjieBa BTopofi BepTHKajibHofi nepTOM- 

KH 



ai + 



a2 



Tpexbe npHGjiHJKeHHe HMeex bh^ 



«2 + ^ 



ai + 



Ct2 



M2 _ fliMi + 02^0 
Ml aiMo 



M3 _ aiM2 + a2Mi + 031x0 

M2 aiMi + a2Mo 



H T. fl. 

Ho HHflyKii,HH MOJKHo HOKasaTB, HTo m-Toe npnGjiHJKeHHe HMeeT bh^ 

aiUm-l + a2'«m-2 + • • • + a,mUo 



ecjiH m ^ n H bh^ 



aiMm_2 + a2M„,_3 + . . . + flm-lMo 
OlMm-l + «2Mm-2 + • • • + O^M 



OlUm-2 + 0,2Um-3 + • • • + amltm-n-l 

ecjiH m > n. 

TaKHM o6pa30M, m-xoe npnGjinaceHHe k sHaneHHio Hccjie;];yeMoro BbipajKeHna cob- 
na^aeT c m-Tt>iM npnGjinsceHHeM peKyppeHTHofl ;i,po6H BH;i,a 



ai 

ai 



O-n-l 
O-n-2 



Ol 

02 
ai 
03 

12 



ai 

02 

ai 



ai 



1^-2 



ai 



Ho, corjiacHo jieMMe 13.11 cnpaBefljiHBo paBencTBo 



lim 

m— >oo 



02 
ai 


ai 








an-2 


an-2 

a.n-3 


. 0,1 






On 




02 


Ol 




On-1 


an-2 


Ol 







an 


03 


02 




a-n-l 


02 


Ol 



On On-1 On-2 



On-1 an-2 On-S 



... ai 



hm 

^-^°°Pm-l{Xl,X2, ...,Xn) 



Xi. 



□ 



IIpHMep 3.1. Ajire6paHHecKoe ypaBHeHHe 

x'^ = U8x^ + 672x^ + SeOx^ + 280x^ + 84x^ + Ux + 1 

HMeeT fleitcTBHTejibHbiH Kopenb 

X = 64 + 32 • y/U9 + 16 • v^T292 + 8 • v^l293 + 4 • y/U9^ + 2 • v^i295 + y/U9^ ^ 

^ 449.49777653359235287015302078. 
HattfleM HecKOJibKo nepBbix paii,HOHajit>Hbix yKoponenHH cooxBeTCTBeHHOH pexyppeHT- 

HOH flpo6H 



448 
3/2 
5/6 
1/2 
3/10 
1/6 
1/14 







448 
3/2 
5/6 
1/2 
3/10 



448 
3/2 

5/6 
1/2 



1/6 3/10 
1/14 




448 

3/2 
5/6 
1/2 

1/6 3/10 
1/14 1/6 



448 

3/2 448 

5/6 3/2 448 

1/2 5/6 3/2 448 

3/10 1/2 5/6 3/2 448 



m 



m = 2 : 
m — 3 : 

m = 4 

= 5 



m = 1 : 448; 
899 

~Y 

808197 



1798 
242188503 
538798 
217726387201 



m — 6 : 
m — 7 : 



484377006 
195735053879083 ^ 
435452774402 
1231754601116629931 



2740290754307162 



-- 449.5; 
449.497775; 
449.497776532; 
449.497776533595; 
449.497776533592351; 
a 449.49777653359235286 



m 



m = 9 : 



553670954436947106368 
1231754601116629931 
1666566046544461900687 



449.497776533592352870158; 



449.4977765335923528701530208. 



3707617998461699373 

TaKHM o6pa30M, y>Ke ;i,eBHToe pan;HOHajit.Hoe yKoponeHHe peKyppeHTHofl ^poGn ^aex 24 

BepHblX ;i,eC3THHHt.IX SHaKOB HOCJie TOHKH. 



4 AjireSpaHHGCKHe 4)opMbi n— ro nopn^KR 

Onpe/i,ejieHHe 4.1. AAse6pauHecKou {n, m)-(fiopMOU (daAee npamKo {n, m)-(popMOu) 

HasoeeM deucmeumeAbHoe hucao 

X = F{n, m) = sq + Si \pm + . . . + \J m^~^, n eN, Sj, m G Q, (15) 
UAU n-Mepnuu eenmop 

X = {So,Si,. . . ,Sn-l). (16) 
OhCBH^^HO, HTO MHOJKeCTBO [u, m)-(j30pM C o6t.IHHL.IMH OHepaH,HHMH CJIOJKeHHH H 

yMHOJKeHHH o6pa3yeT Hojie. 

1. H30MOp4)H3M (n, m)-cJ)OpM C HeKOTOpblMH KJiaccaMH MaTpHU, 

{n, m)-4)opMe fll5p HocxaBHM b cooxBexcTBHe H,HpKyjiaHT n-ro nopaflKa 











X = 












So 


Sra 




Sra- 




~2 . . 


■ S2 


n/ o" 

V ^ 


Sl -y/m 


\ 


Si y/m 




So 


Sn- 


_i vm"" 


-1 . . 


■ S3 


V ^ 


S2 V 




n/ o" 




Si yfm 




So 




■ S4 


z 

V 


S3 V ^ 




_2 m"~2 


Sra 


_3 {/m"~^ 


Sra- 




-4 . . 




So 


Sn-iv/m"- 


-1 




Sn 




Sn- 


_3 V^Tl"" 


-3 . . 


■ Si 




so 


/ 



(17) 



a (n, m)-(|)opMe ( !T6|) — MaTpHH,y BH^a 



X 



So 


ms„_i 


ms„_2 • 


■ mS2 


msi 


Sl 


So 


ms„_i ■ 


■ mS3 


ms2 


S2 


Sl 


So 


■ ms4 


ms3 


n-2 


Sn-3 


Sn— 4 


So 


msn- 


n—l 


Sn-2 


Sn— 3 


Sl 


so 



(18) 



Ko>K;];aH H3 nocjieflfinx fl,Byx MaTpnn; o^^HosnaHHo 3a;i,aHa cbohm HepBbiM ctoji6h,om. 
HocKOJiBKy HpoHSBe^eHHe (n, m)-(|)opM 



x' = s'q + s[ -i/m + . . . + s^_i v^m"-i, 
x" = s[; + Sl . . . + s^_i v^m'^-i 

3BJI5ieTC5I (n, m)-(|)OpMOH BH^a 

X = So + Sl ^/m + . . . + Sn-i m"~^, 



(19) 
(20) 



r^e 



n-l 



Si = Y^ s'js'-^j + m s'js'-_j, i = 0, 1, . . . , n - 1 (21) 

j=0 j=i+l 

H cooTBCTCTByeT nepBOMy CTOji6n;y npoHSBe^eHHH MaxpHii; X' h X", Koxopbie cootbct- 
cTByioT (n, m)-(|)opMaM IHM . (120]) . to cnpaBefljiHBa 

TeopeMa 4.1. MHoofcecmea (n, m)-(popM (1 1 51) . (I i 6|) u30Mop(pHU coomeemcmeeHHo mho- 
ofcecmeaM Mampuv^ f 1 1 71) . f I i <^) . 

TaKHM o6pa30M, /c-toh cTeneHH (n, m)-4)opMB.i (fT9|) cooxBexcTByeT /c-xaa cxeneHt 
MaxpHii,t.i 

X' = 



I nl 9 



5„-lV' 



n— 1 



4 



n-2 a' 



n— 3 



n— 4 



n—3 



HJIH MaxpHIJ,L.I 



S'2 


n/ 9 




\frri 


4 






nl 0" 


4 


V 


^3 


ri/ q" 

V 



\ 



ClV' 



n-l 



4 


mSn-1 


ms'^_2 ■ 


■ 


ms'i 








■ msg 


ms'2 


^'2 




s'o ■ 


■ ms'^ 




/ 

n-2 


Sn-3 


''n-4 


■ ^'0 


ms'^_ 


/ 

n-l 


Sn~2 


Sn-3 


• 





X' 



J 

OneBH^Ho xaKJKe, hto ecjin nocjie^HHe ^Be MaxpHii;bi yMHOJKHXb cooxBexcxBCHHo na 

MaxpHII,B.I-CXOJl6lJ,B.I 



X" 



\ 



"m 



'n-2 



m 



n-2 



Tn— 1 



X" 



J 



xo nojiyHHM cooxBexcxBeHHo MaxpHn;L.i-cxoji6n,t.i 

/ ^0 \ 



X 



So 

51 \fm 

nl o 

52 V JT?- 



Sn-2 



,n-2 



X 



s'l' 
4' 



'n-2 
J I 



So 
Si 
S2 



Sn-2 

sn-1 y 



rfle Sj aaflaioxca paBencxBaMH ( 12T1) . 



^jifl J11060H {n, m)-4)opMi>i 



X — So + Si \/rn + . . . + s„_i a/ttt.""^ 
MoacHO HaiiTH jinnib Oflny (n, m)-4)opMy 

X — So + ■ ■ ■ + Sn-l ^ m""^ 

xaKyio, HTo Hx iipoHSBefleHHe xa; aBjiaexca neKOTopbiM /],eiicTBHTejibHt.iM hhcjiom. HpH 
3T0M (n, m)-(J)opMy x HasbiBaiOT conpaaceHHoii (n, m)-4)opMOH k (n, m)-4)opMe x = 
F{n,'m), a hx npoHSBefleHne — HopMoii nocjiefleii h oSoaHanaiOT nepea |F(n, m)|. 
riycTb X n X — MaTpHii;!.! cooTBeTCTBeHHbie (n, m)-4)opMe 



X = So + -Si \/m + . . . + Sn-l y/ mP-~^ 

H conpfljKeHHoii {n, m)-4)opMe x. Tor^a 

X-X^ \F(n,m) ■ \E, 

rfle E — e/j,HHHHHaH Maxpni^a. npnieM, Hopna (n, m)-4)opMt.i x paBHa flexepMHHaH- 
xy MaxpHi];i>i X, a MaxpHii,a cooxBexcxBeHHaa conpaaceHHOH (n, m)-4)opMe x flBjiaexcfl 
oSpaxHoii MaxpHii,eH k MaxpHi];e X, yMHoaceHHofi na flexepMnnaHx MaxpHi];i>i X. 
TaKHM oSpaaoM, n-MepHbiM o6o6iii,eHHeM ypaBHennfl Hejijia 



50 msi 

51 Sq 



mSi 



±1 



flBjiaexcfl ypaBHenne 



So 


ms„_i 


ms„_2 • 


• ms2 


msi 


Si 


So 


mSn-1 ■ 


• mss 


ms2 


S2 


Si 


So 


• ms4 


ms3 


n-2 


Sn-3 


Sn— 4 


So 


msn- 


n-1 


Sn-2 


Sn-3 • 


Si 


sq 



±1. 



5 CBa3b (n, m)— cJ)opM c ajireSpaHnecKHMH ypaBHeHH- 



HattfleM ii,ejiBie K034)4)Hii,HeHxt>i ypaBHenna 

= CnlX""-^ + an2a;"~^ + . . . + On.n-l^;^ + an,n 

KopneM Koxoporo aBjiaexca (n, m)-(|)opMa 

X = F(n, m) = So + Si -v/m + . . . + s„_i A/m""\ Sj e Q, m e N. 
riycxb aaflana MaxpHi];a 

/ ail ^12 • • • Oln ^ 
021 O22 ■ ■ ■ a2n 



(22) 



\ Onl 0„2 



(23) 



^nn y 



rjiaBHMii MHHop r-ro nopa^Ka stoh MaTpHn;t.i o6o3HaHHM nepes (cm. [?], cxp. 13): 



X 



ll l2 ... Ir 
il 12 ... ir 



"11,1,- 



me 



ll < l2 < ■ ■ ■ < It- 



XapaKTepHCTHHecKoe ypaBHeHHe 

det{X - xE) = 0, 
MaTpHn;B.i ( 123|) . Kax HSBecxHO, HMeex pasBepnyTbiH bh^ 



r^e 



CorjiacHo xeopeMe FaMnjibTOHa-KejiH, Ka>K;i,aH KBaflpaTHaa MaTpHii;a yflOBjiexBopaeT 
CBoeMy xapaKTepHCTHHecKOMy ypaBHeHHio, noaxoMy cnpaBe^JiHBO TO>K;];ecTBO 

X" = a„,iX"-i + a„,2X"-2 + . . . + an,n-iX^ + a^.n, (25) 

c K03(|)(|)Hii;HeHTaMH (12^ . rfle X — MaTpHn;a ( 123|) . 

HycTB MaTpHi];a X b ypaBHeHHH ( !25|) sa^ana paBencxBOM (fT8|) . xor^a K03(|)(|)Hn;HeH- 
TL.I a„j- ypaBHeHHs ( !22|) . KopneM Koxoporo HBjiHexcH (n, m)-4)opMa ( !T6|) . mojkho HafixH 
nojiBsyacb paBCHcxBaMH ( 12^ . TaKHM o6pa30M, cnpaBe^jiHBa 



TeopeMa 5.1. Ecau {n,m)-(fiopMa 

X = So + Si yjm + . . . + s„_i \J m"~^ 
jiBA^emc^ KopneM ypaeneHUH 

mo K03cf)cf)uv,ueHmu amozo ypaenenusi paenu 



l^ii<i2<---<ij^n 



H l2 



X 



ll l2 . 

il i2 . 



ZAaenue MUHopu Mampu%u 
I 



X 



So 


mSn-l 


mSn-2 ■ 


■ ras2 


msi 


Si 


Sq 


msn-i ■ 


■ ms3 


17132 


S2 


Si 


So 


■ ms4 




n-2 


Sn-3 


Sra— 4 


So 


msn- 


n—1 


Sn-2 


Sn-3 ■ 


Si 


so 



HpHBefleM 4)opMyjibi fljia naxoacfleHHa K034)(|)Hn;HeHTOB ajireGpannecKHx ypasHe- 
HHH, KopnaMH KOTopMx flBjifliOTCfl (n, m)-<3pO])M'bi npn n — 2,3, 4, 5. 



a2i — 2so, 



50 msi 

51 So 



O31 — 3so, 032 — —3 



So 

Si So 



, 033 



043 



50 TTlSs mS2 

51 So ms3 

52 Si So 



051 — 5so, 052 — —5 
053 = 5 



50 ms3 

51 So 



, 044 — ~ 



50 ms4 

51 So 



50 ms2 msi 

51 So ms2 

52 Sl So 

So ms2 

S2 So 



So 


msa 


ms2 


msi 


Sl 


So 


mss 


ms2 


S2 


Sl 


So 


ms3 


S3 


S2 


Sl 


So 



-5 



So mss 

S2 So 



50 ms4 ms3 

51 So ms4 

52 Sl So 



50 ms4 ms2 

51 So ms3 

S3 S2 So 



054 = —5 



50 ms4 ms3 ms2 

51 So ms4 ms3 

52 Sl So ms4 

53 S2 Sl So 



. ^55- 



So 


ms4 


ms3 


ms2 


msi 


Sl 


So 






ms2 


S2 


Sl 


So 


mSi 


mss 


S3 


S2 


Sl 


So 


■ms4 


S4 


S3 


S2 


Sl 


So 



CnpaBefljiHBa 
TeopeMa 5.2. (n, + l)-(fiopMa euda 



m 



,n-l 



+ nf'-'^ A/m" + 1 + . . . + m ^ (m" + l)"-^ + ^/(m" + 1] 



HeAHemcH KopneM aAze6pauHecK02o ypaeneHUH 



X'' 



n 



m 



n— l^n-l 



+ 



+ 



n 



n 



1 



mx 



n—l 



floKaaameAhcmeo. Tax Kax Bce rjiaBHbie MHHopbi o^HHaKOBoro nopa^Ka MaTpHii;bi 



/ 




1 


+ 1 


m{rri!^ + 1) . 


. . 


-3(m" + 1) 










2 




m" + 1 




-^(m" + 1) 




1) 






3 


^n-2 


^n-l 


. . 


-5(m" + 1) 


m"^~^(m" + 


1) 




m 












m" + l 




V 


1 




m 






j^n-2 




/ 



paBHbi Meacfly co6oh, to flOCTaTOHHO nafiTH o^hh h3 hhx. HaiifleM rjiaBHbifi mhhop s- 
Toro nopflflKa MaTpHii;bi 



/ 




-1 


m" + l 


m{wJ^ + 1) • 


• ■ 


-2(m" + 1) 


\ 






-2 


^n-l 


+ 1 




-3(m" + 1) 








-3 


^n-2 




• • 


-4(m'" + 1) 




\ 


m" 


-s 


^n-5+1 








/ 



yMHOJKHM nepEMH cTojiGeii; Ha —m"^, r = 1,2, 
Tor^a nojiyHHM ^exepMHHaHT MaTpHii,t.i 



— 1 H CJIOJKHM C (r + l)-BL.IM CTOJl6n;OM, 







1 


m 


• • m^~'^ \ 









1 ■ 


■ ■ m^'^ 









■ 


■ ■ m'^"^ 


v 







• 


•■ ; 



PasjiojKHM nocjie^HHH ^exepMHHaHT no sjieMenxaM nepBoro cToji6ii;a, nojiyHHM 



TaKHM o6pa30M, corjiacHO xeopeMe 15.11 K03(|)4)HnHeHT a„ ^ paBen 



m 



□ 



I\.'^w,ej\eM xeopeMy o pan;HOHajibHOM npnGjiHJKeHHH (n, m" + l)-4)opM. 



TeopeMa 5.3. k-muM paunonaAbHUM npuBAUMcenueM k {n,m"' + l)-(popMe fieAfiemcfi 
eupacHcenue 



a-nl 







(^n,n — l 
a"n,n — 2 



a-nl 



0"nl 



n—1 



n—i+1 



. ,n. 



/JoKasameAbcmeo. 3t& xeopeMa Henocpe^cxBeHHO cjie^^yex hs xeopeMbi 15. 2^ xeopeMbi 
13.21 H xeopeMbi OcxpoBCKoro [23j o xom, hxo ypaBHenne (122 p . Bce K03(|)(|)Hij,HeHXL.i koxo- 
poro HeoxpHi];axejibHt.i, npn^eM HanGojiBinHH o6in;HH flejinxejib noMepoB nojiojKHxejit.- 
HL.IX K03(|)(|)Hn;HeHX0B paBen eflHHHii;e, HMeex nojiojKHxejiBHBiii Kopenb, Mo^yjit Koxoporo 
6ojii>me Mo^yjieii Bcex ocxajitHbix Kopneii sxoro ypaBHeHHSi. □ 

TeopeMa 5.4. (n, m" — l)-(f)opMa euda 
R6AHemcR KopneM aAdeBpauuecKoso ypaeneHUfi 



X" 



n 



ly V2 



n 



n—2^n—2 _j_ _j_ / -^\n—2 



n 
n — 1 



mx+ 



+(-1) 



n-1 



JJoKasameAbcmeo. AnajiorKHHO ^OKasaxejibCTBy xeopeMbi 15.21 c toh jiHinb pasHHi^eft, 
HTO MHHop s-Toro iiopa;i,Ka HMeex bh^ 





-1 


m" — 1 


m{m^ — 1) ■ 


■ 


m" 


-2 




rn^ — 1 


• 


m" 


-3 






■ 


m" 


-s 









m 



n-l 



HoBTOMy 



□ 



6 napaMeTpH3aii,Ha neKOTopbix /],HO(J)aHTOBbix ypaB- 

HGHHH 



KaK yjKe oTMenajiocb Bbime, npn saflaHHbix HaTypajibHbix HHCJiax n n m n o6t.iHHL.ix 
onepan;H5ix cyMMbi h npoH3Be;];eHH5i (n, m)-4)opMbi BH^a Sq + Si -y/m + . . . + vm; 



n— 1 



oGpaayiOT HHCjioBoe nojie. E^khhi^bi sthx hhcjiobbix nojieii, KaK OTMenajiocB BBime, 
SBjiaioTca pemeHHiiMH ^HO(|)aHTOBa ypaBHenna 



So 


mSn-1 


mSn-2 ■ 


■ ms2 


msi 


Si 


Sq 


mSn-1 ■ 


■ ms3 


ms2 


S2 


Si 


So 


■ msi 


mss 


n-2 


Sn-Z 


Sn-A 


■ So 


msn- 


n-l 


Sn-2 


Sn-'i 


Si 


so 



±1 



(26) 



fljiH (n, m)-(|)opMBi So + Si y/m + . . . + s„_i yrnJ^. 

3th ypaBHeHHH HCKjiioHHTejiBHO BaJKHbi fljia HsyneHHa CTpyKxypBi rpynn eflHHHU, 

nojiett, oGpasyiomnx (n, m)-cJ)opMaMH. 

HpHBefleM HpHMepBi ^HocJ^aHTOBBix ypaBHeHHH, aHajiorHHHBix ypaBHeHHio HejiJia: 
HpH n = 3 ^HO(|)aHTOBo ypaBHenne ( 126|) b pasBepnyxoM BH^e saHnmeTca xaK: 



|F(3,m) 



Sq + s\m + s^rn? 



3SoSiS2m 



(27) 



ero HacTHHHBiM pemeHHeM hbjthk)tc5I 



A; 



1) m = -(p - 3), So = (p - 2)(p - 1) - 1, si = kn{p - 2), S2 = n{p - 1), 



2) m = -(p + 3), So = (p + 2){p + 1) - 1, si = kn{p + 2), Sa = n(p + 1), 
n 



(2J 



r^e p = k'^n. CoHpnjKeHHbie k HpHBe^ennbiM Bbime pemeHHaM xaKJKe aBjiaroTca peme- 
HH3MH 3Toro ypaBHCHHa. BoT 3TH pemeHHa: 



k 



m = -(p- 3),so = l,si 
n 



-nk, S2 = n, 



m = -(p + 3), So = 1, Si = nk, S2 
n 



-n, 



r^e p = k'^n. 

HHTepecHbiMH OKasbiBaioTCJi xaKxce pemeHHJi: 

_k p^-Qp^ + 12p2 - 9p + 3 
n {p — 1)^ ' 

So = (p - 2){p - 1) - 1, si = kn{p - 2), S2 = n{p - 1), 

H 

k p^- Qp^ + 12p2 - 9j9 + 3 

m = — , So = 1, Si = -kn, S2 = n, 

n [p — ly 

r^e p = k'^n. 

^jia Haxo>K;];eHHJi n;ejiL.ix e^HHHn; nocjie;];oBaTejibHL.ix HaxypajibHbix hhccji m mojkho 
HcnojibsoBaxb 4)opMyjit.i 

2) m, So = (p - 2)(p - 1) - 1, si = - 2), ss = n(p - 1), 

r^e p = Pn,n = 

2) m, So = (p - 2){p - 1) - 1, si = kn{p - 2), ss = - 1), 

y [24j, 125] npHBe;];eHo Ta6jiHn;t.i n;ejiL.ix e;i,HHHn; Bcex HaTypajibHbix sHaHeHHfl 
He GojibniHx 70 h 250 cooTBexcTBeHHo. Ta6jiHn;a Ba^a (H. Wada) 6t.ijia nocTpoena npn 
noMomH ajiropHTMa BopoHoro. O^naKO, 3tot ajiropHTM njioxo nporpaMMnpyexca, oco- 
6eHHO ^jia npocTbix aHaneHHli m, h cjiojkhbih. 

IIpHMep 6.1. HpH noMomH napaMeTpH3aii;HH (128|) ^HO(|)aHTOBa ypaBHeHHsi ( |27|) mojkho, 
HanpHMep, nojiyHHXb ero HHCjieHHoe pemeHHe ^jih npocxoro 900-n;H4)poBoro HHCJia 

m = 7239872283931086911936409478464844362964969622795111359 

974934755582575468179641313855769259727641974609798138893255 
525211182516975159833221705921278768192182515320441657882401 
010319428973812885522960333217672876733752301462230992931472 
909904767713450913240634917893148613016192814762213558096464 
402885840589676123168302402549079960138122269110454764380482 
620797212301828876999333286096636315349989543361123952286204 
679568796728357647509618040687075931376908228422344437391718 
598847301096960325148718064874625829071932050706560411935363 
097129685477802808489613517468157406211390960108809283162275 
086186714073920595021715659951203220403390183303468032708161 
048148186272608066667799184997780960378585296561952602849633 
261805881923550356499415702867592774593662323899734807289980 
768201261654488304289541162853189580522455748182295602375207 
298343703588386419599807672013076867243091847913861105093811 



84003 



So = 5241575068763353274345186852093150332602451917539901799 
932282202278664005900121988404431292090932896640188251981680 
326006813119732590132197563293690094647723171139535411516659 
033189312863606609940147337891254811171282064557496488402243 
617969658697073506591959974748435341221226735197582720381982 
299223922948600684651564931177032848265679312201428827959001 
983962562284328721926456192013117840486119368302870988948460 
525587477841663879827970098875001133833949548499240589613091 
535101060988495239283487157834796036977947636759176039961934 
635983735619442324532910010967441297842323402115179325365224 
245869281413952853346561463816495884323228588257539790111535 
747953054994512900080325152302710423732719820889455301956641 
861857282819629676959400601048120714983887659901278623613182 
407879535162028668083576182989214435953539550841881883975282 
254526281252669102943716630553173127420155080795347352070812 
016381586784193433265072280590538909341829945733502452641625 
931520640623887413956468162623695016290163104755307070450565 
018386797664109367099985840845436742946338689084059438529370 
980293569397369513919276599750601135570615318764192038306604 
625048781009391683175362913228909806064167749424746695866250 
167155583420998090725390393566830479390865308186951243348805 
128955195908146359128484607204108672995078355407650230047302 
525656852598329814864510572426666443716411444025574130235274 
997855448580076587298245238361118200320906537084395631166706 
552169049171921781816738304163317987099463732868320419686342 
623468541037782483471350549375617711059947138423616726380877 
798997774685802919400817546371507105036207154258163449863192 
006072439921566891914553763235700570806637937053080647921850 
659312149431138678443461371406707470566960647591054958666507 
537418684478798007861256778237664233271272397518289447699995 

52001, 

si = 5837382812453080192782510012686056895953207185324073163 
326897981957933682949695513507983491029486920012188627504494 



177893921657958220388784001370275856098037383085531762963522 
971189156321683103476648884554121145707919627054822135024996 
713598322792895735775812714508522934772101361352683861432720 
073900114106912227058271263835488514173776210929713031728143 
020658980959398029636120122487651614819173546990317107786517 
178410215400856343858214716553426370423951480553096675712774 
468958077699339832705487904142090168200408722770201141582664 
560452449405642129440250357098685425446074566918060219791132 
363007162746408115832954541627885798021635503947642925349684 
282534014647216657434175460802228708011685170895150772325571 
087615550292336931829309013572009092767009080325757523536591 
510013992618754958068329997547475869531048142602447242118778 
493806379124626745764202274260304140714663843554957895910898 
698414186433127324323367579263127048764559073405306071771882 
596826951621638034797468339758339899767973661216950764913598 
416171091117071259067193567274604575185075976883699429429326 
004590124578208042969022313006858521158939356428449850642416 
658215888406381634954363972245970953773831113259190905145353 
651910423387253629204803309274874145056261733316224414418819 
882775119954109756433799795670377706668401680240225244798342 
044866900658529842607199378616159767552297046673691480801264 
171766248204246521165704944897310823728394813574848275027097 
822090504131394457578987826385810634236567526497646123341539 

87200, 

S2 = 6500915784301066706315708295484201254229616201498503033 
225936513615050993420189616701616830178378071900836470490154 
657732067457179957157657333794851256034894968136264330763326 
483001404178215065556482015470095055770440336314987404707539 
118687843607883638753785153045831999214567483283266963033324 
468627959776406039326130905280422733774603240810130346764707 
423355372082736401680347264707967374459504414866071427807368 
389132735593909933021176828597417494084702604708765657062133 
864315777701770554890487564019276485209166532788447229289032 
521767451176009243507500541324892087509388127480599318372094 



999301811585407932194506720014955341892574612453650759890353 
844472637357540963976598058842306100267767040583926200220331 
394772756556429720546343529771198353817635073590399931530726 
700341972023621915539455287084102154147498148194464706290738 
447968542450197421140538927732429020141632262305192523267917 
425330324681548207507671518477644745204713871088804078414990 
541919034200578212140280834001696317177767049206304425999422 
159180067619206014434655679173528173324398774833309779609240 
928488267568439044748816208777357041657525580606925980057317 
088906832160714842155446850596898250005557236090621965750468 

30440, 

r^e n = k = [10^°'^{10"'^'^7r}J + 374, a chmbojiom {■} o6o3HaHeHO ^poGnyio nacxb HHCJia, 
T.e. 

k = n = 89793238462643383279502884197169399375105820974944592307 

816406286208998628034825342117067982148086513282306647093844 
609550582231725359408128481117450284102701938521105559644622 
948954930381964428810975665933446128475648233786783165271201 
909145648566923460348610454326648213393607260249141273724587 

0440 

B 3TOM npHMepe m — npocToe 900-n;H(|)poBoe hhcjio, a So,Si,S2 — HHCJia, cocToamne 
cooTBexcTBeHHo H3 1800, 1500, 1300 n;H(|)p. 

IIpH n = 5 ypaBHCHHe f l26l) npHMex bh^ 

|F(5,m)| = (sq + slm + slm^ + slw? + s\m^)- 
—b[sQSiSim + SQS2S3m + SiSQS2rn + SiS^SAjn +82808^7x1 + H-SgSiSam 

+S3SoSim^ + sls2Si'rrC' + S4SoS3m^ + s\siS2ni^) + 5(soSiS3m + SoS2'S4m^ 

I 22 I 222, 222, 222,2 22, 222 
+siSQS2m + s^SQ-s^^m + soS4S;^m + soSgSgm + SiSiS2m + S2S;^S3m 

I 223,22 3\cr 2i 

+51^354771 + s^S2S^m ) — 5soSiS2S3S4m = 1. 

ErO HaCTHHHBIMH pemeHHilMH 5IBJIJIIOTC5I: 

1) |F(5,m)| = 1 : m = - ■ (rA;^ - 5), 

r 

So = 1, Si = — r/c^, S2 = 2rk'^, S3 = —2rk, S4 = r, 

2) |F(5,m)| = 1 : m = - ■ (r/t^ - 5), 

r 

So = 1 + 30r2A;^ - 25rA;^ + r^k^^ - lOr^k^^, 
si = rk^{r^k^^ - 9r^k^ + 23rk^ - 14), 



52 = rk'^ir^k^^ - Sr'^k^ + I7rk^ - 7), 

53 = kr{r^k^^ - 7r^k^ + 12rk^ - 3), 
S4 = r{r^k^^ - 6r^k^ + Srk'^ - 1) 

k 

3) |F(5,m)| = 1 : m = - ■ (rk^ + 5), 

r 

So = 1, Si = rfc^, S2 = —2rk'^, S3 = 2rk, S4 = — r, 

k 

4) |F(5,m)| = 1 : m = - ■ (rA;^ + 5), 

r 

So = 1 + 30r2fc® + 25rA;^ + r^k^^ + lOr^k^^, 
= rk^r^k^^ + 9r^k^ + 23rk^ + 14), 

52 = rk^{r^k^^ + 8r^k^ + 17rk^ + 7), 

53 = kr{r^k^^ + 7r^k^ + I2rk^ + 3), 

S4 = rir^k^"^ + Qr'^k^ + 8rA;^ + 1) 

SannmeM necKojibKo BsaHMHo conpa>KeHHt>ix nap pemeHHii flHO(|)aHTOBbix ypaBHe- 
HHH (I26p npH n = 7, 9, 11: 

k 

1) |F(7,m)| = 1 : m = - ■ (rfc^ - 7), 

r 



So = 1, Si = — r/c , S2 = 3rA; , S3 = —'brk , S4 = 5r/c , 
S5 = -3r /c, se = r, 

2) |F(7,m)| = 1 : m = - ■ (rA;^ - 7), 

r 

So = r^pe - 21r^fc30 + leir^fc^^ - b'i'drV + 72lr'^k^'^ - 2A5rk^ + 1, 
si = rk\r^k^^ - 20r^A;2^ + 144r3A;^^ - 442r^A;^2 + 516rk^ - 132), 

52 = rk^ir^k^^ - 19r^P^ + 128r^k^^ - 358r^k^^ + 360rk^ - 66), 

53 = rk^{r^e^ - ISr^A;^^ + 113r3A;^^ - 2mr'^k^'^ + 244rA;^ - 30), 

54 = rk\r^k^^ - 17r^A;2^ + 99r^k^^ - 225r^k^^ + IGOrk^ - 12), 
S5 = rkir^k^^ - 16r^p4 + 86r^A;^^ - l7Ar'^k^'^ + lOlrA;^ - 4), 

S6 = r(r^A;3° - ISr^A;^^ + 7Ar'^k^'^ - 132r^k^^ + 61rA;^ - 1) 

3) |F(7,m)| = 1 : m = - ■ (rk^ + 7), 

r 

So = 1, Si = rk^, S2 = —3rk'^, S3 = 5rk^, S4 = — 5r/c^, 
S5 = 3r/c, S6 = -r, 

4) |F(7,m)| = 1 : m = - ■ (rA;^ + 7), 

So = r^k^^ + 21r^k^° + IQlr^k'^^ + ^39r^k^^ + 72lr'^k^'^ + 245rA;6 + 1, 
si = rk^ir^k^^ + 20r^A;=^^ + 144r3A;^^ + 442r2A;^2 ^ ^iQ^k^ + 132), 
S2 = rk\r^k^° + I9r^k'^^ + 128r^A;^* + 3m-'^k^^ + 360rA;^ + 66), 



53 = rk^r^k^^ + ISr^k"^^ + 113r^k^^ + 2%QrV + 2AArk^ + 30), 

54 = rk^{r^k^^ + llr^k'^^ + 99r^A;^^ + 22hr'^k^'^ + leOrA;^ + 12), 
S5 = rA;(r^A;^° + 16/ A;^^ + 86r^A;^^ + 174r2A;^^ + lOlrA;^ + 4), 

S6 = r(r5A;='° + ISr^A;'^ + lArV + 132r2A;^2 + 61rA;^ + 1) 

k 

1) |F(9,m)| = 1 : m = - • (rA;^ - 3), 

r 

So — ^,si — —rk'^, S2 — rk^, S3 = —rk^, S4 = 2rk'^, 
S5 = —2rk^, Sq — rk"^, S7 = —rk, Sg = r, 

2) |F(9,m)| = 1 : m = - ■ (rfc^ - 3), 

r 

So = 9m^A;^2 - bAk'^^m^ + 97771^^;^^ - A8mk^ + 1, 
si = mk\9k'^^m^ - blm?k^^ + 84mA;^ - 35), 

52 = mk\9k'^'^m^ - ASnv^k^^ + 72mk^ - 25), 

53 = k^m(9k^'^m^ - A5m^k^^ + 61mk^ - 17), 

54 = mA;^(9A;2^m^ - 42771^^;^^ + 51mA;^ - 11), 

55 = k^m{9k'^^m^ - 39m'^k^^ + A2mk^ - 7), 

56 = k'^m{9P^m^ - 36m^k^^ + 34mA;^ - 4), 

57 = mA;(9fc2W - 33m2A;^^ + 27mA;^ - 2), 
sg = m(9A;^^m^ - 307^^^;^^ + 21777^;^ - 1), 

3) |F(9, 777)1 = 1 : 777 = - • (rk^ + 3), 

r 

So = 1, Si = rk'^ , S2 = —rk^, S3 = rk^, S4 = —2rk^, 
S5 = 2rA;^, se = —rk"^, sj = rk, ss = — r, 

4) |F(9, 777) I = 1 : 777 = - • (rk^ + 3), 

r 

So = 9r77^fc^2 + 54fc V + 97m^k^^ + 48/77^^ + 1, 
= mk\9k^^m^ + 5WA;^^ + 84777A;® + 35), 

52 = mk%9k^^m^ + 48777^/^^^ + 72777A;® + 25), 

53 = k^m{9k'^^m^ + A5m^k^^ + 61777^;^ + 17), 

54 = mk^{9k^^m^ + A2m^k^^ + 51r77A;^ + 11), 

55 = k^m(9k'^'^m^ + 39m^k^^ + A2mk^ + 7), 

56 = A;^r77(9A;^W + 36r77^A;^^ + 34r77A;^ + 4), 

57 = mk(9k'^^m^ + SSm\^^ + 27mk^ + 2), 
Sg = 777(9A;2W + 307772^;^^ + 21mk^ + 1), 

PemeHHSMH flHo4)aHTOBa ypaBHeHHs 

|F(ll,r77)| = 



asjiaiOTca: 
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1) m 


k 

r 




-11), 












So = 


= l,Si 


= -r/c^, S2 


= 5rk^, S3 = 


= -15rk\ 





S4 = 30rA;^ S5 = -42rA;^ se = 42rA;^, S7 = -30rA;^ sg = ISrA;^ 

Sg = -5rA;, Sio = r, 

2)m=^-(rA;^°-ll), 

So = ri°A;i'^° - SSr^A;^^ + 1265r«A;«° - 15730r^A;™ + 114037r«A;«'^- 
-483637r^A;^° + 1137015r^fc^° - 1295910r^A;3° + 527329r^A;^°- 

-32065rA;^° + 1, 

= rk\r^k^^ - 54r^A;^° + 1216r^A;^° - 14749r^A;^° + 103758r^A;^°- 
423776r^A;^° + 947934r^A;^° - imh^mrV + 363493rA;^° - 16796), 

52 = rk\TV - 53rV + IWSr'k"' - 13811r6A;6° + 9A212r'k'''- 
-370171r^A;^° + 786526r^A;^° - llAmrV + 246779rA;^° - 8398), 

53 = rk\rV - 52rV + lUlr'k"' - mi5r%''' + 85362r'k'''- 
-322301r^fc^° + 649346r=*fc=^° - 591812r^k'^^ + 164814rfc^° - 3978), 

54 = rk\r\^^ - hlr^k^^ + 1075r^A;^° - 12060r^A;^° + 77172r^^A;^°- 
-279676r^A;^° + 533294r-'^A;3° - AASllQr'^k'^^ + 108134rA:^° - 1768), 

55 = rk^{r\^° - bOr^k^^ + 1030r^A;^° - 11245r^A;^° + 69607r^A;^°- 
-241836r^A;^° + 435590r^A;=^° - 336175r^A;^° + 69589rA;^° - 728), 
Se = rk^'ir^^ - A9rV + 986r^A;^° - 10469r^A;^° + 62633r5A;5°- 
-208350r^A;^° + 353750r^fc^° - 249740r^A;^° + 43849rfc^° - 273), 
S7 = rP(r^A;9° - ASr^k^'^ + 9A3r^k™ - 9731r^k^° + 56217r5p°- 
-178815r^A;^° + 285563r^A;^° - 183609r2A;2° + 26998rA;^° - 91), 
Sg = rk'^{r^k^° - 47r^k^° + 901r^A;^° - 9030r^k^^ + 50327r^A;^°- 
-152855/ + 229069r^A;^° - 133506r^A;^° + 16204rA;^° - 26), 
Sg = rk{r^k^° - 46r^A;^° + 860r^A;™ - 8365r^A;6° + 44932r^A;^°- 



-130120r^A;^° + 182538r^k^'^ - 95940r^A;^° + 9454rA;^° - 6), 

= r(r9A;9° - A5rV + 820r^A;™ - 7735r«A;«° + 40002r5A;™- 
-1 10285/ A;^° + UAA50r^k^^ - 68085r^A;^° + 5344rA;^° - 1), 

3) m=--(rfc^° + ll), 

r 

So = 1, si = ^'^^j S2 = —brk^, S3 = 15r/c^, 
S4 = -SOrA;^ S5 = 42rA;^ se = -42rA;^ S7 = 30rk^, sg = -ISrA;^ 

sg = Sr/c, sio = -r, 

A; 

4) m= --(r/c^^ + ll), 

r 

s, = r^V^o" + SSr'^A;'^" + 1265rV + 15730r'k'' + 114037r6A;6°+ 
483637r^A;^° + 1137015r^A;^° + 1295910r^A;^° + 527329r^A;^°+ 

+32065rfc^° + 1, 

= rk\r^k^^ + 54r^A;^° + 1216r^A';™ + 14749r6A;^° + 103758r^A;^°+ 
423776r^A;^° + 947934r''^A;-'^° + lOOSgeer^A;^^ + 363493rA:^° + 16796), 

52 = rk^{r^k^^ + bSr^k^^ + 1168r^A;^° + 13811r^A;^° + 94212r^A;^°+ 
+37017l/A;^° + 786526r^A;^° + llAmrV + 246779rA;^'^ + 8398), 

53 = rk\r^k^^ + 52r^A;^° + 1121r^A;™ + 12915r^A;™ + 85362r^A;^°+ 
+32230l/A;^° + 649346r^fc^° + 591812r^fc^° + 164814rA;^° + 3978), 

54 = rk\r\^^ + 51r^fc^° + 1075r^A;™ + 12060r6A;^° + 77172r^A:^°+ 
+279676r^A;^° + 533294r^A;3° + 448110r2A;2° + 108134rA;^° + 1768), 
Sg = rk^r^k^^ + 50r^k^° + 1030r^A;^° + 11245r^A;^° + 69607r5A;™+ 

+241836/A;^° + 435590r^A;^° + 336175r2A;2° + 69589rA;^° + 728), 
Sg = rk^{r%^^ + 49r\^° + 986r^A;™ + 10469r^A;™ + 62633r^A;^°+ 
+208350/A;^° + 353750r^fc^° + 249740r^A;^° + 43849rA;^° + 273), 
S7 = rk\r\^^ + 48r^A;^° + 943r^A;^° + 9731r6A;6° + 56217r^A;^°+ 

+178815r^A;^° + 285563r^P° + 183609r2A;2° + 26998rA;^° + 91), 
Sg = rk\r^k^^ + 47r^A;^° + 901r^A;^° + 9030r^k^° + 50327r^A;™+ 

+152855r^A;^° + 229069r2A;^° + 133506r^A;2° + 16204rA;^° + 26), 

Sg = rk{r%^° + 46r^A;^° + 860r^A;^° + 8365r^A;™ + 44932r^A;^°+ 
+130120r^A;^° + 182538r^A;^° + 95940r^A;^° + 9454rA;^° + 6), 

sio = r{r^k^^ + 45r^A';^" + 820r^A;^° + 7735r6A:^° + A0002r'k^'^+ 
+110285r^A;^° + 144450r^A;^° + 68085r2A;2° + 5344rA;^° + 1) 



npHMenaHHe 6.1. ModyAU K03(f)(f)UuueHmo6 MHOsoHAenoe, Komopue sieAsimmcsi pe- 
menufiMU duocfjanmoeux ypaeneHuu |F(2n — l,m)| = 1, OHeeudno cenaaHU c hucaooum 
mpeysoAbHUKOM 



n = 


2 : 


1 








n = 


3 : 
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2 






n = 


4 : 
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5 




n = 


5 : 


1 
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n = 


6 : 
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15 


30 



a 3AeMeHmu amozo hucao6020 mpeyzoAbHuna c (fjaKinopusav^ueu hucau 2n — 1. 

IIpHMeHaHHe 6.2. CeoBodnue hachu MHOsoHAenoe, nomopue fiGAfimmcfi pemeHUHMU 
2) u 4) maKCHce ceHsanu c npueedemuM euiue HUCAoeuM mpeysoAhHUKOM. 

HanpuMep, dAR ModyAeu ceododnux HAenoe Sg, Sj, Sg, Sg, s% MHoeoHAenoe Sq, Sy, Sg, Sg, Sio 
peiuenuu 2) u 4) duocfyanmoea ypaenenusi |F(ll,m)| = 1 cnpaeedAueu coomHomeHUR: 



'10 



'10 



5, 



s'i - 2s^ + 



15, 



t5y H~ S 



10 



30, 



si - 4s° + 6s° - 4s° + s% = 42, 
HpHBe^eM npHMept.1 pemeHHfi ypaBHeHHs 

\F{n,m)\ = ±1, 
KOTopbie BbixeKaioT h3 xeopeM 15. 2[ 15.41 
TeopeMa 6.1. PemenufiMu duocfyanmoeux pemenuu 

|F(n,m"-l)| = l,n = 2,3,... 

\F{2n-l,m^"-^ + 1)| = l,n = 2,3 
|F(2ri,m2" + l)| 
fieAfimmcfi coomeemcmeeHHo: 

,n-2 



-1, n 



1,2,.. 



So 



Sq — m ,Si 



m 

2n-3 



So 



,2n-l 



Si 



,2n-2 



5 Sn-2 - 

, S2n-3 
5 S2n-2 



m, Sn-1 = 
■ m, S2„-2 
m, S2n-1 



1. 



JlerKo HaxoflSTca h conpaaceHHbie pemeHHa k npHBefleHHMM b 3toh TeopeMe peme- 

HH3M. 
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